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INVARIANT DIFFERENTIAL OPERATORS ON A
REAL SEMISIMPLE LIE ALGEBRA AND
THEIR RADIAL COMPONENTS
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ABSTRACT. Let S(sc) be the symmetric algebra over the complexifica-
tion 8 _ of the real semisimple Lie algebra g. For u € S(Ic), a(u) is the cor-
responding differential operator on g. 9(g) denotes the algebra generated by
3(S(s )) and multiplication by polynomials on g . For any open set U C34,
anf(U) is the algebra of differential operators wn:h C*-coefficients on U.
Let b be a Cartan subalgebra of g, b’ the set of its regular points and 7 =
Nyep @, P some positive system of roots. Let W = (8%, G the connected
adjoint group of 8.

Harish-Chandra showed that, for each D € Diff (W), there is a unique dif-
ferential operator 8g(D) on b’ such that (Df)h, = Sb(D) (f |°) for all G-invar-
iant € C°(W), and that if D €(p), then 8’(D) a~VoD on for some D).
In particular a() = a(ulb) u€S(s o) and mvanant.

We prove these results by dnfferent, yet simpler methods. We reduce eval-
uation of sl;(a(u)) (u e S(cc), invariant) via Weyl’s unitarian trick, to the case
of compact G. This case is proved using an evaluation of a family of G-invar-
iant eigenfunctions on:
a(Hw(H") [ exp B(H™, H')dx = S es)exp B(sH, H"),

SeW( 8. bc) ,
H,H eg,c>0.

For G-invariant D € 9(g), we prove 7~ © §'(D) o 7 e D(p) using properties
of derivations E — [3(u), E] of D(8) induced by a(u) (u€ S(g )) and of the
algebra of polynomials on b, invariant under the Weyl group.

1. Preliminaries. Our aim here is to give alternative proofs to some results
of Harish-Chandra on radial components of invariant differential operators on a
real semisimple Lie algebra [1], [2].

Let g be a semisimple Lie algebra over R, g_ its complexification, § a
Cartan subalgebra of g, and §_ complexification of §. Denote by g’ the set of
regular elements of g and §'=§ N g'. We have H € §' if and only if m(H) £0,
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where 7=1l,.pa, P being a positive system of roots of g9, with respect to E)c.
Let G be a connected Lie group with Lie algebra g. Let S(gc) and P(gc) be the
symmetric and the polynomial algebras over g_, and Q(g ) quotient field of P(g ).
We assume as usual that g_C S(gc). Let U be an open subset of g, and C™(U)
the algebra of C* functions on U. An element X € g acts as a derivation of
C*=(U) given by

(1) (X)) = df(u + X)/d1|,_

where [ € C®(U), u€ U, and t € R. We denote the above derivation by 9(X) and
extend the map 9: X — d(X) uniquely to a homomorphism of S(g_) into the asso-
ciative algebra of endomorphisms of C*(U). If ¢ € C*(U), then ¢ is identified
with the endomorphism ¢: f - ¢f of C=(U). The algebra generated by {¢,d(p)|
¢ €C™(U), p € S(g_)} is denoted by Diff (U). It is called the algebra of differen-
tial operators on g with C* coefficients. We denote by (g) the algebra generated by P(g_)
U &S(8,)), and refer to it as the algebra of differential operatars on g with polynomial coef-
ficients. We write f(z; D) to mean (Df) (), for D € Diff (U), u € U, { € C*(U). For any
D € Diff (U), and u € U, there is a unique p € S(g_), such that [(z; D) = f(u; d(p)).
d(p) is called the local expression of D at u, and is denoted by D .

Let U be an open subset of g invariant under G. G acts naturally on C*(U)
and Diff (U) if we set

fA(X) = f(x*=1)  (x€G, X €U, [ eC(U)

and
D*/ = (Df)*~' (D eDiff(U), x€G, feCU).

D (resp. f) is called invariant under G if D* = D (resp. [* = [) for all x € G.
Let I°(W) ={f: f€ C*W), [* =/ for all x € G}, and Diff, (U) ={D € Diff (U):
D* = D for all x € G}. We put 9(g) = {D € D(g)| D* = D for all x € G}.

We now take U = (t)‘)G. Then, corresponding to any D €Diff, = (U), Harish-
Chandra [1] constructed a differential operator 8(D) on §’ such that

() f(H; D) =7 (H; 8 (D) (f =/ I,,)
for all € I%(U), and H € {'. 84(D) is called the radial component of D on Y
and we have the following result (Harish-Chandra [1}):

Theorem 1.1. Given any D €Diff, ((§")9), there is exactly one 8y(D) €
Diff (§') such that
{(H; D) = [ (H; 8,(D))  (f € I"((§")°)).
The operator 8y(D) is invariant under the normalizer of § in G. The map
D — 8;(0) is a homomorphism of Diffinv((f)')c) into Diff (§").
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It turns out to be important to calculate 8y(D) explicitly for at least the most
important of the invariant differential operators D. This was first done by Harish-
Chandra. We shall now describe two of his results. Let Is(gc) be the algebra of
G-invariant elements of S(gc), and IS(E)C) the subalgebra of S(E)c) of elements
invariant under the Weyl group W(g_, §_). If p€1_(g), then by a theorem of
Chevalley, there is a unique by € IS(E)C) such that p - by is in the ideal generated
by the root-spaces. Harish-Chandra [1] showed that, for p € 5(g,),

(3) 8y(0(p) =71 0 d(p,) o 7.

Generalizing this, he proved in [2] that, forany D € fD(gc) which is invariant,
m 0 8y(D) o 71 is the restriction to %' of an element of @([)c) that is invariant
with respect to W(g_, §_).

We shall obtain these two results by a method that is somewhat different from
Harish-Chandra’s. We shall prove (3) first when G is compact and then extend it
for noncompact G by the ‘‘unitarian trick’’. The second result is then deduced
from formula (3). The proof of (3) for compact G is quite simple and goes as
follows. By invariant integration and the Weyl character formula, we obtain ex-
plicit formulae for a class of invariant eigenfunctions on g, the formula (3) applied

to these eigenfunctions now determines 8y(d(p)) uniquely.

2. Case when G is compact. We now assume that G is compact and simply
connected. Let B be the analytic subgroup of G corresponding to §. B is a
maximal torus of G and G = BC, Exp is a homomorphism of § onto B. Let B
be the character group of B. If £¢ B, ¢ oexp is a character of §, and so there is
a C-linear function A on §_, which takes pure imaginary values on B, such that
£oexp =e. A is uniquely determined by £, and we write & = fx. Thus
&\lexp H) = A (H € B).

Let £ be the set of all linear functions on [)c with the property that e =
£oexp for some £€B. £ is an additive subgroup of b* and the correspondence
A— &, Aed) is an isomorphism of £ onto B. Since G is simply connected,
£is precisely the set of all integral linear functions on E)c [6]. ¥ a is a root
of (3_,5.),then a €®. Now B is the centralizer of § in G, Ad(B) leaves the
root-subspaces corresponding to a invariant, and we have X% =€ (6)X, (b €B,
X, €9,). Define 8=% 3 _ pa; 0 is integral, and so € L. Let A=
¢ sMyep€, =1). A is a finite sum of characters of B. If we write e(s) = det (s)
for s€W=W(g_, ), it is known that A =2__ (s} . Denote by B'the set
of b€ B such that A(b) £0, i.e. £,(b) £1 for all a € P,

Let .(D; be the set of all dominant integral linear functions on §_. For any
A€ fD;, let 7, be the irreducible representation of §_ with highest weight A.
Since G is simply connected, 7, lifts to a representation of G, denoted by m, again.
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Let ¢,(x) = tr ,(x), x € G. We then have the following formula of Weyl.

@ XOED> c(s)fs(w(b)/mb) (b € B

sEW

In particular, for H € § tor which exp H € B,

(5) tr 7, (exp H) = > e(s)e““S’(")/H (eMHV2 _ o=a(HY2)
sEW aep
and
(6) dimm, = II (A48, a)f] (5 o).
a€eP a€ep

Let § be the universal enveloping algebra of g, and Z the center of §. By
Schurr’s lemma there is a homomorphism ¥, (called the infinitesimal character of
m,) of % iato C, such that 7,(z) = x,(2) - 1 for all z€2Z. Let X be the sub-
algebra of § generated by 1 and §_, and let ? be the left ideal =,,pGX,. Then
it can be shown that for each z € Z, there is a unique element 8 p(z) eH such
that z - ﬁp(z)é ?. The map B,: z — Bp(z) is a homomorphism of Z onto X, and
(cf. Harish-Chandra [4])

@)) X A(Z) =B p(z)()t) (z € 2).

Let U be a G-invariant open subset of g and [ € C*(U). We say [ is an
invariant eigenfunction on g, if / is G-invariant, and for each p € Is(g c), there is
a x(p) € C such that

ap)f = x(p)f on U.

X is uniquely determined if f# 0 and x(p — Xx(p)) is a homomorphism of I_(g_)
into C.

Lemma 2.1. Let dx be the normalized Haar measure on G, and X' €g_.
Define

[/ X) = f(x': X) = fG exp B(X*, XYdx (X € g).

Then [y is an invariant eigenfunction on g, and

Py = 5y (pellg)

where p — ; is the isomorphism of S(g_) onto P(g ) induced by the Cartan-
Killing form.
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Proof. Let ¢(x, X) = exp B(X*, X'), x€G, X €g_. Then ¢ € C*(G x g) and
as G is compact, the integral defined by fy.(X) exists. The function X — [, AX)
is of class C” on g and we can differentiate under the integral sign. If p € 5(g,),

fxi(X; 9(p)) = fG Hx:X; dpdx (X € g).

Let we g:. Then using the natural identification of S(8_) with P(g:), we obtain
dple® = plw)e®. If Y€g_and o is the linear function X — B(X, Y), then

p(w) = 5(Y). From these and the fact that ¢(x, X) = exp B(X, X'x™ 1), we get, for
all x€G, Xeg,

olx, X; A = P i, X).

If we assume p el (g ), we obtain d(p)fy:s = ;(X')/x:. Invariance of [y follows
from translation invariance of dx.

Our aim in the rest of this section is to evaluate the fy. This requires
some preparation. For any subspace a of §_, we shall identify S(a) with the
subalgebra of S(3_) generated by 1 and a. For any n >0, write S (g_) for the
subspace of S(gc) ipanned by homogeneous elements of degree n. Set S(")(gc) =
2OSrsn
’)\C(p") = x(p)" (pe S(gc), x €G), X is a linear bijection of Is(gc) onto 2. It is
also known to be a linear bijection of S(")(gc) onto the subspace §") of §

5/g.). Let A be the customary symmetrizer map of S(g_) onto G. Since

spanned by 1 and elements of the form X ... X (I<r<m, X, € gc).

Lemma 2.2. Let 8 be the subspace of §_ spanned by X ,, a€A. Then
$(g.) = $(5_) + S(g )8 For any pe€S(g ), let by denote the unique element of
§(8.) such that p - by € S(g_)8 Then p — by is an isomorphism of I(g,) onto
1.(8). If pel (g) NS (g.) then by € 1.(3) NS (5).

Proof. The statements are all consequences of the theorem of Chevalley
mentioned earlier.

Put }_( ={a eH: a5 = a for all se W}, The map ')\\', by re%tiction, induces an
isomorphism of S(§_) onto K, and 1.(5.) onto H. Let }(n =A (S, (5 ). K is the
direct sum of }("’s, and for any v € H, we write v, for its component in }(". Put

H =2 H . Then

= “0srsn

Lemma 2.3. Lez pel (g )N 5,.(8.). Then X(p) e Z NG, Bp(')\((p)) e {m),
B, (), =X(P).

Proof. Let {H,, ..., HI} be a basis for E)c and P={a, ..., ad}. Let
(q) = (ql, ey qd), (c) = (Cl’ trty Cl)’ (r) = (71’ Ty ’d)a where 9 € and T
are integers > 0. Define
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‘1

ql qd Cl 8 T
M((g), (o), (7)) = X"‘l xA_ad CHY ol xal X“d'

pel(g.) if and only if it is a linear combination of M((q), (¢), (r)) for which
Z‘fﬂ(ri -4g,)a;=0. Hence we can find constants A((q), (c), () (all but finitely
many of them zero) such that

(8) p=b,+ % Al(g), (0)y (MM((g), (©), ()

where the sum is over the set Q of all ((9), (¢), () for which 2‘1'1=I('i ~q)a,=0,
2r,>0,2g,>0 and 2,0, +4q,)=mn

On the other hand by consxdermg M((q), (c), (r)) as an element of §, we can
show that if z€ 2 NG™), then B,(2) eH™). Let z = X(p), then using (8) and
the result that A(M((g),(c), e P + §=1) and the fact that B, maps Gr-1
into X"~ 1) we conclude

B (2) ex(p ) + H{n=1),

But A(p b) EH Hence (9) implies the result.

Consider now u €S .(8.), then p = [;u™dx is a well-defined element of
I.(g) nS,(g). Also forming I N(u)* dx, we obtain an element z of 2 ﬂg(")
Since )t(u") X(2)*, x € G, we have z = A(p). Lemma 2.3, now shows that
ﬁp(z)n = A(pb). Taking u = H” for H € §_ we get

Lemma 2.4. Let n > 0. Then for any H€¥_
I (H™)* dx
is a well-defined element of 1_(3.) NS (g ) while considering the same integral

in G, we obt:fin an element zy € 2 ﬁg("). We have /\(€H ) = ZH n and
BoGr, wa =2y, nly)-

Corollary 2.5. Let p— H be the isomorphism of f) with §_ induced by
the Cartan-Killing form. Then /or any Heb_, n>0 and pe E)C,
) [, B, H)"dx = B (= ).

Proof. From Lemma 2.4, we have B (z RIME A(CH nlb)(p) for ;1.6[)
From isomorphism p — » of §(g,) with P(g ) and the definition of CH o ¥

obtain

Sy V) = fG B(H*, Y)"dx (H €h, Y eg)

So for pe bt
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BH®, H)dx = ¢, (H')
fG [ x = H,n

On the other hand, the map p — py corresponds, via the 1somorphxsm p— p, to
the restriction jmap p — p] of P(g ) onto P(E) ) so CH 'lll) = (CH n| ) from
which we get {,’H n(H#) = (CH aly) (p) pEE) Since N(H") = H", H GE)
Ny, b )W = Gyl .
We are now in a position to obtain a formula for f s defined in Lemma 2.1.
Theorem 2.6. Let G be a compact and semisimple real Lie group, g its Lie

algebra § C g a Cartan subalgebra. P a positive system of roots, n =1l pa,
© = HaepHa Then for all H, H' € ¥ we have

()t [ exp B, H') dx = (n o, a>) T ds)eBlHH),

a€eP sEW

Proof. We have exp B(X, Y) =2 _( B(X, Y)"/n!. Since |B(X*,Y)| is bounded
as x varies in G, we can write

f exp BHY, H)dx = 3 — fG B(H*, H')" dx.

n>0
Upon replacing H' by H /-:' (1€ B}) in above and using Corollary 2.5, we get
1
1
fG exp B(H*, Hy)dx = ’E) ZTBD(ZH.n)(“)°

For A€ .(D;, let 7 be the irreducible representation of g_ and G with highest
weight A. From (7) we obtain

Bylzy JN =x,(z ).
Hence, as z,; € Z
. n

tr ﬂx(zH,n) = (dim m,)x Nzy ) = (dim ﬂx)BP(ZH‘")()t).

Using (6) in above we get

(10) oA+ 8B, (zy N = [T 5, ayer (2 ).

aep
But from the definition of z, _,
, n

tr ”X(ZH,n) = fG tr 7\ (H")* dx = ur ) (H™).

Now, for ¢ € R,

ey (H) "m, (H™)
n(exptH)—eA -2-——-—.

n>0 n!
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So
(11) trﬂ(exptH)-—Z trﬂ(H)—-

n>0

From Weyl’s character formula (5)

[1 (eteHY2 _ ~tatHY2) 4 \(exp )= Y ds)etSA+DH) L R He b.

a€epP seW

Using above formula in (11) we conclude

H" n
12) I (erHY2 _ gmeeitiv2y 5 S SRR

aep n_>_0 n! sEW
Upon expanding Haep(e‘am)/2 — e~tal)/2) ang letting d = [P] we get

ta(H)/2 -ta(HY2y_ ,d 1 2m
IT ¢ -e )=1tnlH) 3 4, ¢

aeP m>0

For sufficiently small |t| above converges, hence from (12) ‘

fan T [ g o] dpenaitn,

n>0 n! m>0 seEW

Since q(; = 1, for small |t|, we have (£ g ‘p2my=1 _ Em>0qmt2"‘. Using this

in above formula, expanding the right-hand side, and equating the coefficients of
"* we get

Y ds)sA 4 B)H)"H > ds)s(A + 8)(H))n+d-2
s€EW sEW

+4q,

w(H)

- un (H?) =
n! A (n + d)!

(n+d-2N

Combining this with (10) we get

(n(a’ a> ﬂ(H)
a€P

3 ls)sh + BYH)™H z:_v (s) s\ + B)(H)+d=2
seW s€ el
= s d! T ed-2)! *

Sz IO

q,’'s are independent of A, and since above is true for A€ .‘D;, it is true for
Ae [): In above formula we equate components which are homogeneous polyno-
mials of degree (n + d) in A:

Y ds)sAH)*
il BB, Gz, I = TT (A, )2

n! aeP (n+d)!

Substituting above in
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— 1
x gt
fG exp B(H*, H ) dx = go-;ﬁ Bp(zH'n)(y)
0 7!

obtained earlier we conclude

m(He (1) fG exp B(H*, H;L) dx

(13) 1
_ ( ¢, a)> T LT doxnmm.

a€p m>d M: seW

For p > 0 define fp(/\) =3 _yels) (sA) (H)?P, Ae [): f, is homogeneous of degree
p and is skew symmetric. It follows [1] that /p =0, p <d. In view of above, we
can rewrite (13) as

(H)o () fG exp B(H%, H;) dx

<H (s, a)> Z 2 ds)(sp)HN™ = <H(8, a)>_ Y s)elsHH),

a€p m>0 m! sew a€P sEW

Replacing H‘: by H', and noting that a(n) = ﬂ(Hll) and (sp)(H) = B(sH, H;:) we
obtain the result.
From this theorem we obtain immediately the sought-for formulae for the eigen-

functions fys.
Theorem 2.7. Let {1 be defined as in Lemma 2.1, then

Z e(s)eB(sH.H"

(1) = [ T1 48, ay) 2<¥ ' o).
(14) Tu (aep > T (H, H' €%§")

3. The explicit calculation of 8(d(p)) (p€1_(g ). We shall now prove (3),
for the case G is compact. Let g be of compact type and define

(15) 8y(D) =m0 8y(D) om=1 (D € Ditf (V).

Lemma 3.1. Let Eelef(E)) such that Egyi =0 on b where g, (H) =
Es wf(S)eB(SH HY (4, H' €b'); then E = 0.

Proof. Choose g, -, q, linearly independent in S(f_ ); then E =
-13 9(q, ), g;€ c=(y"). Egy+ =0 implies

(16) Z E e(s)g (H)q (sH")eBEHHD _ g (H, H' ¢ §")
i=l seWw
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Fix He b, then the points sH, s € W, are distinct (Chevalley). Thus H' —
B(sH, H') are distinct linear forms. From a result of [3] and (16) we conclude
k
Z‘; s)g (Mg $S(H)Y =0  (H' € ).
1=
Taking s = 1 and using the linear independence of g,’s we obtain gl.(H) =0
1< i <k. Therefore E = 0.

Lemma 3.2. For pel(g), 8,(d(p) = dp,).
Proof. I/ g is a function on (§')C, let g = glb:. From (14) we get
TyrH; 7= 1 0 d(p,) o m) = p(HT ().

But Lemma 2.1 implies &p)fy s = ?;(H')/Ho on B. From the definition of radial

component it follows that
Ty (H; 830(p)) = p(HOT () (H € ).

Above formulae along with (15) xmply (a(pb) -0 (3(p)))gH: =0 on b where

gy (H) = wc(s)eB(SH HY (H, H'e §). The result follows from Lemma 3.1.
We are now in a position to prove (3) for an arbitrary semisimple Lie algebra

over R. Let g be one such and G a connected Lie group with Lie algebra.

Lemma 3.3. Let pel (B ), then 8y(d(p)) = nlo 0([7‘,) om on § if and only
if a(pb)(ﬂqb)= ﬂ(a(p)q)b on E)C for all gel (g ).

Proof. Let E = 3’(3([7)) —-n~" o a(p Yoz and ( the algebra of all real-valued
G-invariant polynomials on g. It can be shown(z) E =0 on Y if and only if
Eg =0 forall g€ (. Recall that g = g| . This is equivalent to 7~ -1 °3(pb)(17q )=
Sb(a(p))q on § forallgel (g ). Using the definition of 8;(p)) and above, we
get a(pb) (nqb) = ﬂ(a(p)q)b on b'. Since we are dealing with polynomials this
implies the result.

Theorem 3.4. Let g be a real semisimple Lie algebra, §_ its complexifica-

tion, Let p€ ls(gc); then 5»(3([))) = 3(p° ).

Proof. Let U be a compact real form of 9., and b a Cartan subalgebra of it.
Then b_=C. b is a Cartan subalgebra of g_ and hence b = §_ for some x € G .

(2) It suffices to show EH =0 for Hje y'. ! (c ) is finitely generated by [ algebra-
ically independent homogeneous elements of posnnve degree It can be shown that we can
choose these generators so that their restrictions to g are real-valued. Let {ql, e, qlf be
one such set. Then by the Chevalley theorem {q—l, oo, qli generates | (l; ) A theorem
of Shephard and Todd [s] implies “1-1’ cee, qli forms a C™° coordinate system around H .

A straightforward argument now implies the claim.
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Let 7 be the product of positive roots of (g_, b_). We arrange matters so that
7 = m5. By Lemma 3.2, §,(9(p)) = alo Hp,) om on b’. By Lemma 3.3,
Apy) (myq,) = 7,(3(p)g)y on b_. We then have

HpNg?) = w2 p)g)y)*.

But p} = by > q; = 9 So we have a(pb) (nqb) = ﬂ(c?(p)q)b . This proves the theorem

in view of Lemma 3.3.

4. A theorem on 3((D) when D € ﬁ)(gc). We now use the previous results to
obtain the main theorem concerning 8,',(D) De fD(g ) (cf. Harish-Chandra [2]). For
any p€ S(g_) define #,(D) = d(p) oD ~ D © d(p) (D e Diff ((§"))). B, is a deriva-
tion of fD(g ). Define uZ’(D) y(pp YD), m > 2.

Lemma 4.1. Let D €fD(gc), pe S(gc). Then there is an integer m = m(p, D)>0
such that #”‘(D) =

Proof. Since we can write D = 23_,p.9(g,), p, € P(g), 9, € S(g.) we may
assume D = p,d(g,). We assert pp(D) can be written as Efﬂp; a(qil) with deg Pil
<deg p, for all i. Write E = Fd(q,) where F = [d(p), p,]. Direct calculations
show that F can be written as EN_ V; a(g ) where each /; is of the form b )pl
for some 5 € P(g_) which is homogeneous of positive degree So deg [, < deg I
for all j. Smce E = 2/ (g ql) the result follows by induction on max. ;deg p..

Lemma 4.2. Let U C § can be a connected and open set, f € C*(U). Suppose
for every pe l:(f)c), there is an integer m = m(p) > 0 such that Ip)™f{ =0 on U.

Then [ is the restriction to U of a polynomial on §_.

Proof. Let p,, ..., p, be homogeneous generators of I s(5.). Then it can be
seen that the assumption 1mplxes 9p. )"/ =0 for some m >0, 1<i< L Let d =

deg (p) and k= m(d + - +d) For He b consider 0() =11 se W(é'k - (sH)k)
O(H) =0, so O(Q(H))f 0. Let w = [W]. Then

0(0) = (B & (Ck)w‘lQl’H +oeeet Qw'H

where Q]. y 1s a homogeneous element of IS(E)C) of degree jk. For fixed j, Q,' H

. . .. . ai a
is a linear combination of monomials p; - --p,! with da, +---+da, = ]'k >
k=md, +..-+d ) Hence there is at least one a, > m, so that a(p'; 1)/ 0.

Thus G(Q )/ 0 Hence d(H¥®)f = 0. As U is connected this 1mphes / is a
polynomial of degree < lkw.

Lemma 4.3. Le: U C§ be a connected open set, E € Diff (U). Suppose for
each pe l:(f)c) there is an integer m = m(p) > 0 such that yZ'(E) = 0. Then there
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is an F € D(B) such that E = F on U, i.e. E has polynomial coefficients.
Proof. Write E = ZN =1/9€ )/, e C*=(U), g, € S(b.). We will show [, € P(§ ).

We may assume g, are lmearly mdependent homogeneous and deg g, <deg g,

- < deg gy. Also we may assume [, ¢ P(}_). Let d = min,deg g; and s > 1
such that deg g, =d, 1<i<s, degg,>d, s <i<N. Let pel(b)). It can be
shown

N m m

17) um™(E) = }.:1 zo (‘”'(, ) @(p)™="(7 g NAp)".
Let M, be the operator of multiplication by /, then a(p)™~ 'M =3 U, O(V )
where U , € C7(U) and V; . homogeneous. We then get

Ap)™=7(f Hg Nolp)” = Z u, oV, e, ).

If r =0 we can write a(p)'"M =M + 2 v, 8(V. ,) where the V, are
fi ap)" /; ’
homogeneous elements of strictly posmve degree We then have

Ap)™(s g ) = D U, 8V, g)
t

It follows from the above two equations that
s Nn
y;"(E) = 2 (&p)m/i)a(gi) +2 [ .a(gm )
i=l j=1 ) j

where /€ C™(U) and g,,; are homogeneous elements of S(§_) of degree > d. If
we choose m so that /,L"’(E) = 0, then we conclude from above formula that
Ip)™f, =0, 1<i<s. Lemma 4.2 now implies that f € P(§_), a contradiction.

Theorem 4.4. Let D € %(g) and 8y(D) == 08;(D) on~1, There is a unique
element of D(H) which coincides with 54(D) on B,

Proof. We need only to prove the existence. By Theorem 2.1, 5 D',
mody (D )on~! is a homomorphism of 9((§)C) into Diff(§"). Suppose now
pe ls(gc) By Lemma 4.1, there is an integer m > 0 such that yj (D) = 0. So

z (-1)'( ) Hp)™="DA(p)’ =

f=0
Apply homomorphism Bb to above and note that by Theorem 3.4, & b(a(q)) =
a(qb) (g€ ls(gc)) we will get
m

p3 (_I)r(:n)a(pb)’"°’3b(D)a(pb)'= 0 onb'.

r=0

Comparing above with (17) we get
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Hp By (DN =0 on .

Let U be a connected open set in b'. Since p — py is an isomorphism of 1.(g.)
onto I (), we conclude from above that given any g € I (§_) which is homo-
geneous of positive degree, there is an integer m = m(p) > 0 such that p';(3b(D)) =0
on U. By Lemma 4.3, we can find an L € D(§) such that

(18) *L =6b(D) on U.

It can be shown [1] that 8:,(0) can be written as 7N o F for some integer N'>0
and F € D(§). So we can write 8y(D) as 7N oF for some N >0 and F € D(B).
Comparing this with (18) and noting a rational function on E)c is determined by
its restriction on U, we conclude that L = 8,4(D) on §'.
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