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ABSTRACT.   Let  S(g   )  be the symmetric algebra over the complexifica-

tion 9     of the real semisimple Lie algebra  g.   For  u £ S(g   ), d(u)  is the cor-

responding differential operator on g. 3)(g) denotes the algebra generated by

d(S(g )) and multiplication by polynomials on g  .  For any open set  U C t,

Diff (LO  is the algebra of differential operators with C°°-coefficients on   U.

Let t be a Cartan subalgebra of g,   f) ' the set of its regular points and  77 =

Baep a, P  some positive system of roots.  Let  W - (1)')   ,  G the connected

adjoint group of 8.

Harish-Chandra showed that, for each  D £ Diff (IT), there is a unique dif-

ferential operator   8¡J(D) on   b' such that (D/)|j' = &(fD)(fL) for all G-invar-

iant feC^yW), and that if D 6J)(I|), then   S¿(D) = n~X ° D ° n for some De$(i).

In particular d(u) = d(izL), u e S(g   )  and invariant.

We prove these results by different, yet simpler methods.  We reduce eval-

uation of   8j"(a(u)) (u e S(g  ), invariant) via Weyl's unitarian trick, to the case

of compact  G.  This case is proved using an evaluation of a family of  G-invar-

iant eigenfunctions on:

n(HMH')Lexp B(HX, H')dx = c 1 e(s)exp B(sH, H'),
G SelV(gc,|)c)

H, H' e g, e>0.

For G-invariant D e 3)(g), We prove n~X ° S'(D) ° zre3)(i) using properties

of derivations   E - [d(u), E] of J)(g) induced by   d(u) (a f S(j   )) and of the

algebra of polynomials on d     invariant under the Weyl group.

1.  Preliminaries.  Our aim here is to give alternative proofs to some results

of Harish-Chandra on radial components of invariant differential operators on a

real semisimple Lie algebra   [l], [2].

Let  9 be a semisimple Lie algebra over  R,   g^ its complexif¡cation, r] a

Cartan subalgebra of  g, and  \)c complexification of  \). Denote by  g'  the set of

regular elements of  g and  £)' = i> n g'. We have H e i,' ¡f and only if zr(/7) ¿ 0,
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120 MOHSEN PAZIRANDEH

where   77 = IIaep et,   P being a positive system of roots of   9    with respect to ^ .

Let  G be a connected Lie group with Lie algebra   9. Let 5(g ) and  P(g ) be the

symmetric and the polynomial algebras over   9 , and  Q(g ) quotient field of P(g ).

We assume as usual that   9   C 5(g ). Let   U be an open subset of  g, and   C°°iU)

the algebra of  C°° functions on  U. An element  Xeg acts as a derivation of

C°°iU) given by

(1) ÍXf)íu) = d¡íu + tX)/dt\t=Q

where / £ C°°iU),  u £ U, and  t £ R. We denote the above derivation by  diX) and

extend the map d: X r-* diX) uniquely to a homomorphism of 5(g ) into the asso-

ciative algebra of endomorphisms of  C°°iU), If cp £ C°°iU), then  ci is identified

with the endomorphism  cb: j h-* cf>f of  C°°(l/). The algebra generated by  \cf),dip)\

cb £ C°°iU), p £ 5(gc)| is denoted by Diff ill). It is called the algebra of differen-

tial operators on g with C°° coefficients. We denote by 5)(g) the algebra generated by P(gc)

U fK5(gc)), and refer to it as the algebra of differential operators on 9 with polynomial coef-

ficients. We write fiu; D) to mean (D/)(zz), for D £ Diff ((/), u £ U, f£ C°°iU). For any

D eDiff ((/), and  u € U, there is a unique  p £ 5(gc), such that fiu; D) = fiu; dip)),

dip) is called the local expression of D at  u, and is denoted by  D  .

Let  U be an open subset of   g invariant under  G.  G acts naturally on C°°iU)

and Diff ((/) if we set

fxÍX) = fiXx~ x)      ix £ G,  X £ U, f £ C°°iU))

and

Dxf=ÍDfx)x-X       ÍD £\j\iííU),    x£G,    f£C°°ÍU)).

D (resp. /) is called invariant under  G if  Dx = D (resp. fx=f) for all x £ G.

Let  riU) = \f: f£C°°ÍU), fx = f for all xeG!,and Diff ̂ (f/) = \D £ Diff (I/):

Dx = D fot all x £ G}. We put á(g) = \D £ 3Xp,)| Dx = D fot all x £ G}.

We now take   U = (§')   .  Then, corresponding to any  D eDiff.     ((/), Harish-

Chandra   [l] constructed a differential operator  8^iD) on   fj   such that

(2) fÍH;D) = JÍH; 8\ÍD))       íj= f\ ̂

for all /e I°°iU), and H £ £)'. S^ÍD) is called the radial component of D on   r^

and we have the following result (Harish-Chandra  [l]):

Theorem 1.1.  Given any D eDiff.     ((£)')), there is exactly one S^iD) £

Diff (i)') such that

fiH; D) = JÍH; 8\iD))       if £ /°°((Ç ')G)).

The operator 8tiD) is invariant under the normalizer of 5>  zzz  G.   The map

D —.Sj(D)  is a homomorphism of Diff ¡nv((£)')G)  into Diff i\))-
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It turns out to be important to calculate  S^(D)   explicitly for at least the most

important of the invariant differential operators  D. This was first done by Harish-

Chandra. We shall now describe two of his results. Let  ISÍQ ) be the algebra of

G-invariant elements of 5(g ), and  /^(Ê) ) the subalgebra of 5(£>c) of elements

invariant under the Weyl group W(g , fj ). If  p e / (g ), then by a theorem of

Chevalley, there is a unique p. e /^(^ ) such that  p - pb is in the ideal generated

by the root-spaces. Harish-Chandra  [l] showed that, for p £ 5(gc),

(3) 8\idip)) = 77- x o cXpj,) O 77.

Generalizing this, he proved in   [2] that, for any   D e 3)(g ) which is invariant,

77 ° SAD) ° n~    is the restriction to   £) of an element of _D(£> ) that is invariant

with respect to   W(g  , Í) ).

We shall obtain these two results by a method that is somewhat different from

Harish-Chandra's. We shall prove (3) first when  G is compact and then extend it

for noncompact  G by the  "unitarian trick". The second result is then deduced

from formula  (3). The proof of (3) for compact  G is quite simple and goes as

follows. By invariant integration and the Weyl character formula, we obtain ex-

plicit formulae for a class of invariant eigenfunctions on  g, the formula (3) applied

to these eigenf unctions now determines  8A.dip)) uniquely.

2.  Case when G  is compact. We now assume that  G is compact and simply

connected.  Let  B be the analytic subgroup of G corresponding to  \  B is a

maximal torus of G and  G = B   . Exp is a homomorphism of  i) onto B.  Let  B

be the character group of  B. If £ £ B, ¿; ° exp is a character of   §, and so there is

a C-linear function A on   t) , which takes pure imaginary values on  §, such that

ç °exp = e   .  A is uniquely determined by  ç, and we write   ¿; = ç.. Thus

<fx(exP/7)=ex(H) iHety).

Let X be the set of all linear functions on  £>    with the property that  e* =

<f °exp for some Ç £ B.  x is an additive subgroup of fy* and the correspondence

A—► ç^  (A ei.) is an isomorphism of X onto B. Since  G is simply connected,

i- is precisely the set of all integral linear functions on  i)   [6]. If  a is a root

of (gc, £i ), then  a. ex. Now B is the centralizer of £) in  G, Ad(B) leaves the

root-subspaces corresponding to a invariant, and we have X a = ¿Ta(&)Xa (b £ B,

Xa e ga). Define 8 = Vi Safpa; 8 is integral, and so 8 ex. Let A =

tf_ j Ha€pi£a — l). A is a finite sum of characters of B. If we write  (is) = det is)

for s e W = W(gc> l]c), it is known that  A = 2je wt(s)£s   . Denote by  B' the set

of b e B such that  Aib) ¿ 0, i.e.  £aib) ¿ 1 for all  a e P.

Let D    be the set of all dominant integral linear functions on  ^ . For any

Ae J)     let  77^ be the irreducible representation of  g    with highest weight A.

Since  G is simply connected, rz^ lifts to a representation of G, denoted by 77. again.
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Let ^A(x) = tr 77x(x), x eG. We then have the following formula of Weyl.

W) ipxib) =  L eis)ts(k+s)ib)IAib)       ib e B').
s €W

In particular, for H € Ï) tor which exp H € B t

c-a(H)/2)(5) trzrx(expW)=   £ As)es^ + S)WlU   (ea(H)/2
seW I aeP

and

(6) dim 77X  =  u (A + 8, a)m   (8, a).
aeP jaep

Let § be the universal enveloping algebra of  g    and  % the center of §. By

Schurr's lemma there is a homomorphism xx  (called the infinitesimal character of

nx) of Z into C, such that  "^iz) = X\^ ' 1 f°r aU z £%. Let K be the sub-

algebra of § generated by  1 and  \\ , and let  J   be the left ideal 2oep§Xa. Then

it can be shown that for each  z € Z, there is a unique element  ßÄz) eii such

that z - ßAz) e J. The map ß : z —► ßS2) 1S a homomorphism of Z onto K, and

(cf. Harish-Chandra  [4])

(7) XXU) = /3i)(2)(A)       U e %).

Let  f be a G-invariant open subset of  g and / e C°°(l/). We say / is an

invariant eigenfunction on  g, if / is G-invariant, and for each  p e Isi<&c), there is

a x(p) e C such that

dip)f=XÍp)f    on  [/.

X is uniquely determined if / ¿ 0 and  x(p —* x(p)) is a homomorphism of lsÍQc)

into C.

Lemma 2.1.  Let dx be the normalized Haar measure on G, and X   e g^.

Define

fxAX) = fix' : X) = fc exp BiXx, X') dx       ÍX e g).

Then f„i is an invariant eigenfunction on  g, and

dip)fx, = piX')fx,       (pe/s(gc))

where p —» p   zs r/je isomorphism of 5(g ) orzio P(g ) induced by the Cartan-

Killing form.
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Proof. Let <píx, X) = exp B(XX, X'), x £ G,  X £ g^. Then cf> £ C°°iG x 9) and

as  G is compact, the integral defined by /^»(X) exists. The function X —> fviiX)

is of class  C°° on  g and we can differentiate under the integral sign.  If p £ 5(g ),

fx,ÍX; dip)) = J   cbix : X; dip)) dx       ÍX £ 9).

Let w e gc. Then using the natural identification of 5(gc) with  P(g ), we obtain

dip)eQ> = pioj)e". If   Y £ g^ and co is the linear function  X —> B(X, V), then

pioj) = p (V). From these and the fact that cbix, X) = exp B(X, X x     ), we get, for

all x e G, X e 9,

cbix, X;dip)) = piX'x~)<bix, X).

If we assume  p£ 's(gc), we obtain dip)fx> = p (X )/x». Invariance of /^.< follows

from translation invariance of dx.

Our aim in the rest of this section is to evaluate the  fxi. This requires

some preparation. For any subspace   a of  g , we shall identify  5(a) with the

subalgebra of 5(g ) generated by 1 and  a.  For any 72 > 0, write 5 (g ) for the

subspace of 5(g ) spanned by homogeneous elements of degree 72.  Set 5("'(g ) =

SQs      5r(g ). Let A   be the customary symmetrizer map of 5(g ) onto §. Since

\ipx) = A(p)* ip £ 5(g ), x e G), A is a linear bijection of / (9 ) onto %. It is

also known to be a linear bijection of 5l"'(g ) onto the subspace §       of §

spanned by 1  and elements of the form X. • . • X    (l<r<72,X.eg).

Lemma 2.2.  Let s? be the subspace of g    spanned by Xa, ae A.  Then

5(g ) = 5(i) ) + 5(g )8.  For any  p £ 5(g ), let p. denote the unique element of

Sit) ) such that p - ph £ S(g )&  Then p —► p.   is an isomorphism of I (g ) onio

'X>- '/ P e '.(9C) n Sni%)then P% £ lsi$c) n SjSe).

Proof.  The statements are all consequences of the theorem of Chevalley

mentioned earlier.

Put M = \a eH: as = a for all s £ W}. The map A, by restriction, induces an

isomorphism of 5(i) ) onto K, and /^(i) ) onto H. Let Kn = A (5^(13)^)). K is the

direct sum of H 's, and for any v eH, we write tz for its component in H . Put

K<B) = In<      H".  Then
0¿rsn     r

Lemma 2.3.  Let p £ I (g ) n 5 (g ). Then tip) £ % n§(n), ßfiip)) £ H(n),

ßßip\^iPA.

Proof.  Let \Hl, . ■ ■ , H{} be a basis for £)c  and  P = ¡a1; . . . , arfj. Let

(a) = iqv ■ ■ . , qd),  (c) = (cj, • • • , c;),  (r) = (rp • ■ • , rrf), where  a., c ., and rfc

are integers > 0.  Define
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Miiq),ic), (r)) = X9la   ...X*l   • Hx ... H]1 ■ Xx   ■••Xrad.
~al ~ad        1 'id

pe ¡SÍQC) if and only if it is a linear combination of Miiq), ic), ir)) tor which

2¿=1(r¿ - q¿)ai = 0-  Hence we can find constants  Aüq), ic), ir)) (all but finitely

many of them zero) such that

(8) p = Ph+H Aüq), ic), ir))Miiq), ic), ir))

where the sum is over the set Í2 of all ((a), ic), ir)) for which  2rf ,(r. — o.)a. = 0,1 1 = 1   i      J i     i       '

It. > 0, S.a. > 0 and  2d ,(r. + q.) = n.
zz        '     iJ i i=l   i     'i

On the other hand by considering zW((«), (c), (r)) as an element of g, we can

show that if ze% ng("\ then /3p(z)eH(n). Let z = AXp), then using (8) and

the result that t(M(iq),ic), ir))) £ 9 + §(n~ X), and the fact that ßp maps §<«-!■

into Kln_   ' we conclude

ßp(z) 6HPf)) + Kl"-1\

But A(p )eH  . Hence (9) implies the result.

Consider now u £ 5  (g ), then p = JG zzxax is a well-defined element of

/ (g ) n 5 (g ). Also forming fG^iu)xdx, we obtain an element z of Z ng<*'.

Since A(zz*) = A(a)x,  x e G, we have z = A(p). Lemma 2.3, now shows that

ß iz)n = A~(p^). Taking  zz = H"  for H £ ^ We get

Lemma 2.4.  Lei 72 > 0.  Then for any Het

¿h    = S   (W")xa-x

is a well-defined element  of I  (g  ) n 5  (g  ) while considering the same integral

in g, we obtain an element zH      6 Z ng(n).   We ¿ave  A(£H  n) = zH  n aTZ^

Corollary 2.5. Le'   p—» H '   be the isomorphism of I]    with  Ï)    induced by

the Cartan-Killing form.   Then for any H6^,  n > 0 aTzrf (ie^,

(9) jGBiHx,H'ß)"dx = ßpizH)ip).

Proof.  From Lemma 2.4,  we have /S^z^  n)(p) = A(£H  „l|,Hp) for pe t^_.

From isomorphism p —* p   of 5(g^) with  P(gc) and the definition of £Hj n, we

obtain

¿H,7i(y)= fG B{HX' Y)ndx      (Wec>, yegc).

So for peí]
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^BiHx,Hl)dx-lHriHl).

On the other hand, the map p —> pi corresponds, via the isomorphism p —► p, to

the restriction map p —> pL of P(g ) onto P(f) ) so £„ |. = (£,, \A , from

which we get ¿H  niH' ) = (¿  J,,) ip), p £ £.  S^nce XiH") = H", H e \,

We are now in a position to obtain a formula for fxi defined in Lemma 2.1.

Theorem 2.6.  Let G  be a compact and semisimple real Lie group, g its Lie

algebra, £) C g a Carian subalgebra.   P a positive system of roots, 77 = IIaepa.,

co = üae H a . Then for all H, H   e £) we have

77ÍH)nÍH')   f    expB(tf*, H')dx= (U  (8, a)\   £   f(s)eB(*H-H,).
JG VaeP /   seW

Proof.  We have  exp B(X, y)=SnaQB(X, y)"/7z!.  Since  |B(XX, y)| is bounded

as x varies in G, we can write

f   exp B(//x, H')dx = £ 4  Í   ß(wX> tf')"¿*.
JG n 77!  JG

Upon replacing W   by H    íp£Í)*) in above and using Corollary  2.5, we get

¡G^pBiHx,Hl)dx=^ ^ßpizH   )ip).
7>0

For A e i)     let 77    be the irreducible representation of g    and G with highest

weight A.  From (7) we obtain

ßAzH   )(A) = vU„   ).
" p        H ,77 ^\        H ,77

Hence, as zu      £%
' n , 77

tr 77\{zH,n) * (dim "JX&H.r) * (dim "¿ßp^H.W'

Using (6) in above we get

(10) w(A + 8)0 UH n)(A) =   u <S, a)tr »XUH   )•

But from the definition of z„
n , 77 '

tr 77x(zH n) =   f   tr 77xiHn)xdx = tr z7x(W").

Now, for / e R,

mx(H)     v /n^(H")
Z7.(exp tH) = e    *       =  2-

>0       «¡
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So

(11) tr 77x(exp tH) = Z  " nxÍHn) Cr .
71>0 "•

From Weyl's character formula (5)

u   (e'a<Hy2-e-ía<")/2)trr7x(expíf/)=   Z ¿s)e^^H\        teR.Hei).
aeP seW

Using above formula in (11) we conclude

(12) u ieta(HV2 - e-<a<"^2)  £  * g* "" '" =   Z f(s)e^(X+S>(H>.
afP „>0 «! seW

Upon expanding naep(e'a(H)/2 - c-ía(H)/2) and lett¡ng rf = [p] we gef

n(e'a(H)/2-e-'a(H^2) = ^(/7)   V   q' t2m.

«P 77!>0

For sufficiently   small  \t\  above converges, hence from (12)

MH)  Z  " "*{Hn) t"-\Z,   V2-]'1    Z  <(s)e<*^«\
ti>0 «! L"z>0     m        J        s£lV

Since a ' = 1, for small  \t\, we have  (I     09'i2m)_1 = 2     na   z2m.  Using this

in above formula, expanding the right-hand side, and equating the coefficients of

/"W, we get

Z t(s)(s(A + 8)iH))n+d Z   e(s)(s(A + §)(r/))"+¿-2

xv" '--r—s;-+ *1„! * (« + «")! l in + d-2)\

Combining this with (10) we get

(UV, a)\~X^2;i\ + 8)ßAzH   )(A)
\aeP J        n\ p    H'n

Z  As)isi\ + 8)iH))n+d Z i(*K*(A + r3)(W))"+d-2
seW seW

' in + d)\ + ?1 in + d- 2)!

a/s are independent of A, and since above is true for A e 3)  , it is true for

\ Y* ̂
A 6 9c. In above formula we equate components which are homogeneous polyno-

mials of degree (n + d) in A:

Z  As)is\iH))n+d

^ 2HK)ßAzH „KA) =  n (A, a)ÍÜ_-
n! ^p   H-n a" (rz + a-)!

Substituting above in
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f    expß(//x, H'ß)dx=  £±-ßizHn)ip.)
J 77>0 ni

obtained earlier we conclude

77ÎH)œip) j   exp BÍHX, H¡)dx

A3)
(U (S, a¡]   £ 1  £ «UXUXXff))-.
\*ep /   m>d ™! seW

For p > 0 define /fl(A) = S^ eU/í(s) ((sA) ÍH))P, Ae r^_. /    is homogeneous of degree

¿7 and is skew symmetric.  It follows   [l] that /   = 0,  p < d.  In view of above, we

can rewrite (13) as

rrÍH)uíp) jc exp BÍHX, H¡)dx

= I IT (o, a)\   £ -   Z  eto<M(li))" = f II <S, a)\  £ f(s)e(^)(H).
Usp y  777>0 w! seW \aeP J seW

Replacing H '   by //', and noting that új(/i) = rriH   ) and ísp)ÍH) = BisH, H A we

obtain the result.

From this theorem we obtain immediately the sought-for formulae for the eigen-

functions fyi.

Theorem 2.7.  Le?r fxi be defined as in Lemma 2.1, then

£ Ás)eB<*H-»">

(14) /„•(«) - ( n <8, a>\ -------(f/,tf'eV).
\a«P y TÁHhiH)

3. The explicit calculation of Si ((9(p)) (/)£/ (g )). We shall now prove (3),

for the case  G  is compact.  Let   g be of compact type and define

(15) 8^ÍD) = n ° SlÍD) o „-1       ÍD£DiífiU)).

Lemma 3.1. Let EeDiff(í)') such that EgH, = 0 on  I]' where gHAH) =

lseWds)eB^H- H>) ÍH, H' £ &/); then  E = 0.

Proof.  Choose #j, • • • , q,   linearly independent in 5(i) ); then E =

I
z=l seW

(16) £   £ ^.O/ÇUV'"'"'»^      ÍH, H' z V)
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Fix H e i) , then the points sH, self, are distinct (Chevalley).  Thus H' —*

BisH, H ) are distinct linear forms.  From a result of [3] and (16) we conclude

k

Z ¿s)g{H)q*{H') = 0       (//' e c]).
1 = 1

Taking  s = 1 and using the linear independence of q 's we obtain g (W) = 0,

l<i<k.  Therefore F = 0.

Lemma 3.2.  For p e 1^), 8Adip))=dipA.

Proof.  // g  is a function on it) )   , let g - g\.i.  From (14) we get

JH,iH; Tz" X ° dip A ° 77) = p(H')JHAH).

But Lemma 2.1   implies dip)fH¡ = piH )fH¡ on  i).  From the definition of radial

component it follows that

JhAH; 8'Adip))) = p(H')THÁH)      (H e i]').

Above formulae along with (15) imply idipA - 8Adip)))gHi = 0 on  £)   where

gHAH) = 2s€Wds)eBisH- H>) (H, H' £ £>). The result follows from Lemma 3.1.

We are now in a position to prove (3) for an arbitrary semisimple Lie algebra

over R.  Let  g be one such and  G a connected Lie group with Lie algebra.

Lemma 3.3.   Let  p £ lsi\), then 8'^idip)) = n~ X ° dip ) ° n on  £/ if and only

if dip Ainq A = nid(p)q)fi   on  i^ for all q£l i<¡).

Proof.   Let  E = SAdip)) - n~    ° dip A ° 77 and  (f the algebra of all real-valued

G-invariant polynomials on   g.   It can be shown(2) E = 0  on   E)   if and only if

Eg = 0  for all g £ (T.  Recall that g  = g|   < .   This is equivalent to  77_    ° dip Ainq ) -

8Adip))q.  on  6;  for all a £ I (g ).  Using the definition of S^idip)) and above, we

get  dip Ainq A = 7r(cXp)a). on   Í) . Since we are dealing with polynomials this

implies the result.

Theorem 3.4.   Let   g be a real semisimple Lie algebra,   g     its complexijica-

tion.   Let pelsio, ); then S^idip)) = dip).

Proof.  Let  (J be a compact real form of  g  , and  i> a Cartan subalgebra of it.

Then  f>   = C • b is a Cartan subalgebra of  Q    and hence fex = 6    for some x e G  .
c ° uc c        'c c

(2)  It suffices to show  Et,    =0  for  H„ e r;'-   /fi(g   ) ¡s finitely generated by  / algebra-

ically independent homogeneous elements of positive degree.   It can be shown that we can

choose these generators so that their restrictions to g are real-valued. Let \qx,... ,q.\ be

one such set.  Then by the Chevalley theorem  Ig,,-.. , q~,\ generares / (j   ).   A theorem

of Shephard and Todd [5]  implies   \q~x, ••• , q~.\ forms a C     coordinate system around HQ.

A straightforward argument now implies the claim.
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Let 77 be the product of positive roots of (g , b ). We arrange matters so that

7T=77X.  By Lemma 3.2, S'bidip)) = 77" ' o dip ) ° 77 on  6'.  By Lemma 3.3,

à(pf)^nii1b^ = nh^P^\ on   ^  "  ^e t^en have

dipXMax)^77Xiidip)q)b)x.

But  px. = p   , qx = q   .  So we have  dip Ainq A = 7r(dip)q). . This proves the theorem

in view of Lemma 3.3.

4.  A theorem on 8AD) when D e 2)(g ). We now use the previous results to

obtain the main theorem concerning 8^iD), D £ 3Xg ) (cf. Harish-Chandra [2]). For

any p £ 5(gc) define p ÍD) = dip) °D -Do dip) ÍD £ Diff ((E)')G)). p    is a deriva-

tion of 3)(gc). Define  tt^(D) = pip™~XiD)), m > 2.

Lemma 4.1.   Let  D £ 2)(g  ), p£ 5(g ).  Teezj i/zere z's a?z integer m = zzz(p, D)>0

sz/.cè that p™ÍD) = 0.

Proof.  Since we can write D = £s_j/j d(a.), p. e P(g ), q. £ 5(g ) we may

assume  D = p^diq^).  We assert  pAP) can be written as  2..p. diq . ) with deg p'

< deg pj for all z.  Write  £ = Fdiq^) where  F = [dip), pj]. Direct calculations

show that F can be written as ¡£.   A dig.) where each f. is of the form dih.)pl

tot some Z>. e P(g ) which is homogeneous of positive degree.  So deg /. < deg p.

tot all j.  Since E = ~ï.j dig.q^l the result follows by induction on max.deg p..

Lemma 4.2.   Let  U C \) can be a connected and open set, f £ C°°ill). Suppose

for every  p £ I  it)  ), there is an integer  m = zzz(p) > 0 such that  dip)mf = 0  on   U.

Then f is the restriction to U of a polynomial on Ï) .

Proof.  Let pi, • • • , p, be homogeneous generators of / ii) ). Then it can be

seen that the assumption implies  dip Y" f - 0  for some  zzz > 0,   1< i < /.    Let d. =

deg (p.) and k = mid x + ■■• + d¡). Fot H £ i) consider QíO = ^seWíCk - ísH)k).

QÍH) = 0, so diQÍH))f = 0.  Let <u = [W]. Then

Qiö = itkr+ickr-xQ1<H + ... + Qa)ji

where  Q .   „   is a homogeneous element of  /  (E)  ) of degree  jk.   For fixed  /',   Q.   „
..     7' ,. , .   ,       a\s    c a, u

is a linear combination of monomials  px    • • • p,' with zijflj + • • • + a\a   = jk >

ze = zzzizij + • • • 4- d.). Hence there is at least one a. > m, so that dip.    • ■ • p. l)f = 0.

Thus diQ. H)f = 0. Hence  diHk")f = 0.  As  U  is connected, this implies / is a

polynomial of degree < Ikco.

Lemma 4.3.   Let  11 C t) be a connected open set, E £ Diff ((i). Suppose for

each  p £ Is(£) ) there is an integer m - mip) > 0 such that pf'ÍE) = 0. Then there
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zs an  F e J)(£)) such that  E = F  on  U, i.e.   E  has polynomial coefficients.

Proof.  Write  E = l^f .dig .), f. £ C°°iU), g. £ S(\). We will show /• e Pi\).

We may assume g. are linearly independent, homogeneous and deg g. < deg g2

< . . . < deg gN.   Also we may assume /. 4 P(E) ). Let d = min. deg g . and s > 1

such that deg g . = d, 1 < i < s,  deg g . > d, s < i < N.  Let peí (í) ). It can be

shown

N 771

(17)      p.;™=z zo (-Dr(r) w)m-v*g?wpy.

Let M    be the operator of multiplication by /.then dip)m~rM    = 2 17.   diV.    )

where  Í7.     e Coc(i7) and  V.     homogeneous.  We then get

r3(p)m-r(/¿<9(g!))<5(p)r= Z UißVi,tSiPT)-
t

If r = 0 we can write  dip)mM.   = M + S U.   diV.    ) where the V.      are
f        /, á(í,)m/¡ r   i. f       i. I z, z

homogeneous elements of strictly positive degree. We then have

dip)mifdig))=Zuudivug).
t

It follows from the above two equations that

ÍÍÍB) - I (^"/P^i+L /..«f.)

where /     e C°°((7) and gm    are homogeneous elements of 5(i) ) of degree > d. If

we choose  m so that pT(E) = 0, then we conclude from above formula that

dip)"1f. = 0,   1< i < s.  Lemma 4.2 now implies that /. e P(i) ), a contradiction.

Theorem 4.4.  Let D e Si(g) a/za1 S(,(£>) = 77 ° 8'AD) °n   *.   TAere zs a unique

element of tA~Í)) which coincides with  8 AD) on   Í)'.

Proof.   We need only to prove the existence.  By Theorem  2.1,  8. : D  —>

77 ° 8AD ) ° n~     is a homomorphism  of 3((É) )   ) into Diff (É) ). Suppose now

p £ 's(gc)-   By Lemma  4.1,   there is an integer m > 0 such that p™iD) = 0.  So

£ (_iy(™)<?(p)m-rDr3(p)r = 0.

Apply homomorphism zS. to above and note that by Theorem 3-4,    z5.(rXa)) =

diq.)  (0 £ '5(gc)) we will get

771

Z(-i)<r)^)m"rvD)<9v=° °n^-
r=0

Comparing above with  (17) we get
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pm (o.(D)) = 0    on h,'.

Let  U be a connected open set in  Í)  .  Since  p —► p.  is an isomorphism of  ISÍQC)

onto / 0) ), we conclude from above that given any q £ I(Ij ) which is homo-

geneous of positive degree, there is an integer zzz = zzz(p) > 0 such that pffioX^D)) = 0

on  U.  By Lemma 4.3,  we can find an  L £ iX£)) such that

(18) •  L=8hiD)    on  U.

It can be shown [l] that S'^iD) can be written as z7~     ° F for some integer N > 0

and  F e $(£>). So we can write 5^(0) as  zr-N ° F for some N > 0 and  F e D(£>).

Comparing this with  (18) and noting a rational function on £>    is determined by

its restriction on U, we conclude that  L = ¿^(D) on  Í) .
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